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CONCORDANCES OF HILBERT CUBE MANIFOLDS
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T. A. CHAPMAN(')

ABSTRACT.  The main result of this paper asserts that homotopy groups

of concordances of compact Hilbert cube manifolds are isomorphic to homotopy

groups of concordances of compact finite-dimensional piecewise-linear manifolds.

This enables us to apply some finite-dimensional results to obtain some new in-

formation about homotopy groups of homeomorphism groups of compact Hil-

bert cube manifolds.  Our approach also yields a much shorter proof of the local

contractibility of the homeomorphism group of any compact Hilbert cube mani-

fold.

1. Introduction. If X is a compact metric space, then we will use C(X) to

denote the space of all concordances of X i.e. C(X) is the function space of all

homeomorphisms of [0, 1] x X onto itself which fix 0 x X. We give C(X) the

compact-open topology and let it be pointed, with base point the identity. Q is

used to denote the Hilbert cube, which is the countable-infinite product of closed

intervals [—1, 1], and a Q-manifoId is a separable metric manifold modeled on Q.

We first recall some facts from [7]. The following is the main result estab-

lished there.

(A) If M is a compact PL manifold, then there exists an i > 0 and a sur-

jection (x id),: n0C(M x [-1, 1]')—>7r0C(Mxß), wherexid: C(Mx [-1,1]')

—► C(M x Q) is obtained by crossing each homeomorphism with the identity.

(Recall that irQC(X) is the set of path components of C(X). It becomes a

group under composition.) This result just says that any homeomorphism h G

C(M x 0 is isotopic, rel 0 x M x Q, to a homeomorphism of the form / x id,

where /G C(M x [-1,1]') and [-1,1]' is regarded as the product of the first i

intervals in Q = [-1, 1] °°. The proof of (A) uses standard tools from PL mani-

fold theory along with the following stability result of [10] : If M is a compact

PL manifold, then the homomorphism (x id),: irnC(M) —*■ irnC(M x [-1, 1]) is

an isomorphism, for dim M» n. Without this stability result, (A) asserts that

there is a surjection of the direct limit of
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(x id)* (x id)* ,
7T0C(M)-*   7T0C(M X   [- 1, 1])-► 7T0C(M X   [- 1, l]2) "+ • • •

ontO7r0C(M x ô).

Using (A) above we have a means of obtaining information about homeo-

morphisms on M x Q from homeomorphisms on M x [-1,1]'. In particular,

the following result is a corollary of (A).

(B) If M is a compact l-connected PL manifold, then ir0C(M x Q) = 0.

For this we use the fact that it0C(M) = 0, for M l-connected and dim M >

5 [13]. Using a little ß-manifold theory this implies (again from [7]) that any

two homotopic homeomorphisms on a compact l-connected ß-manifold are am-

bient isotopic. This result is not surprising if one recalls the parallel situation for

l2-manifolds, where l2 is separable Hubert space. In [1] it was shown that any

two homotopic homeomorphisms on an l2 -manifold are ambient isotopic (see [4]

for a shorter proof). The surprising part of (B) above is the difficulty of its proof.

It was also shown in [7] that the assumption of 1-connectivity in (B) above

cannot always be dropped. Here is the result.

(C) For some i > 0 we have an isomorphism (x id)*: jTqCOS1 x /') »

HqOÍS1 x ß). It follows from the PL Pseudo-Isotopy Theorem of [11] that

ffrjCiS1 x /') ¥= 0, for / > 5.(2) Using this result, along with (C) and a little

0-manifold theory (again see [7]), we conclude that there exist homeomorphisms

on S1 x Q which are homotopic but not ambient isotopic.

The purpose of this paper is to prove the following result.

Theorem 1. If Misa compact PL manifold, then for each n > 0 there

exists an i > 0 (depending on n) and an isomorphism (x id)*: irnC(M x [— 1,1]')

»7rnC(Ai xß).

This amounts to a substantial improvement of (A) and (C) above. In fact

this completely reduces the problem of the calculation of the homotopy groups

of C(X), for X a compact g-manifold, to the corresponding "stable" problem for

compact PL manifolds (because X is homeomorphic to some M x Q [5]). Here

is an immediate consequence of Theorem 1.

Theorem 2. If X is a compact connected Q-manifold, then ir0C(A") = 0

iff X is l-connected.

Theorem 2 gives us the other half of (B) above. It is deduced from Theorem

1 by using the following consequence of the PL Pseudo-Isotopy Theorem of [11]:

ff0C(A/) = 0 iff M is l-connected, for M a compact connected PL manifold,

dimM> 5.

O  In fact ttqCOS1 X/') » Z2 © Z2 © • • •.
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Concerning the higher homotopy groups we have the following less precise

result.

Theorem 3. Let X, Y be compact, connected Q-manifolds and let f:

X —*■ Y be a k-connected map, k>2.   Then there is induced an isomorphism

*nC(X) * itnC(Y), for0<n<k-2.

Applying this to the case Y = Q we have the following

Corollary. If X is a compact Q-manifold which is k-connected, k>2,

then ir„C(X) = 0,for0<n<k-2.

Theorem 3 is deduced from Thoerem 1 by use of the following PL result

of [10] : Iff: M—*Nisa k-connected map of compact, connected PL mani-

folds, where dim M, dim N»k>2, then there is induced an isomorphism

7rnC(Af) » *nC(N), for 0 < n < k - 2.

The above results also shed some light on the homotopy groups of homeo-

morphism groups of ß-manifolds. For any compact metric space X let H(X) de-

note its homeomorphism group and let E(X) denote its space of all self-homotopy

equivalences. We give each space the compact-open topology and let it be pointed,

with base point the identity. Here is our result concerning homeomorphism

groups. For more details see §7.

Theorem 4. If X is a compact Q-manifold which is k-connected, k>2,

then the inclusion H(X) c^» E(X) induces an isomorphism nnH(X) « nn E(X), for

0 < n < k - 2, and an epimorphism for n = k-\.

We now make a few comments concerning the organization of the material

in this paper. In §2 we introduce some notation and then we prove a result

(Theorem 2.1) which will be needed in §4 for the proof of Theorem 4.1. Inci-

dentally, Theorem 2.1 gives us a somewhat easier proof of the local contractibility

of the homeomorphism group of a compact Q-manifold [3] : this is carried out in

Theorem 2.2. The main technical result needed in the proof of Theorem 1 is the

Representation Theorem. It is stated in §3 and is proved in §§4-5. Then in §6

we prove Theorem 1 and in §7 we prove Theorem 4.

2. A key result. In this section we introduce some notation and then prove

a result (Theorem 2.1) which will be used in the proof of Theorem 4.1. We also

prove (Theorem 2.2) that the homeomorphism group of any compact ß-manifold

is locally contractible. This is a significant simplification of the argument given

in [3].

We use Rn to denote euclidean «-space and for any r > 0 we let B" =

[-r, r]n C Rn. The interior and boundary of Bnr will be denoted by IÇ and
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95", respectively, while the prefixes Int and Bd will be used to denote topological

interior and boundary in general. If r = 1 we will omit the subscript on B". We

also let / = [0, 1] and A will be used to denote a standard simplex in Rn.

For spaces X, Y, and Z a homeomorphism h: X x Y —* AT x Z is said to

be X-preserving provided that A(xx Y) = x x Z, for each xEX.  For each

x £ X we use hx: Y —> Z for the /eve/ of A defined by hx(y) = z, where h(x, y)

= (x, z). If £ : A1- x y —► AT x Z is another Af-preserving homeomorphism, then

we write h =? (X)g to mean that h is isotopic to g, with each level of the isotopy

being Jf-preserving. Of course the notation h 'I? (X)g rel A has the usual mean-

ing. The symbol "id" will be used to denote the identity map of a space onto

itself and id will also be (incorrectly) used to denote the inclusion map of a space

into a larger space.

We are now ready for Theorem 2.1.

o

Theorem 2.1. Let h: I x In x Q —*■ I x Rn x Qbe an open embedding
o

such that h = id on 0 x B^ x Q. If h is sufficiently close to id, then there ex-

ists a homeomorphism h: I x R" x Q —► / x R" x Q such that h — h on I x

B" x Q, h = id on 0 x Rn x Q.andh is supported on h(I x B\ x Q). More-

over h depends continuously on h and h = id if h = id.

Proof. To save time we will assume that the reader is familar with the

technique described in [9, §8] for wrapping small homeomorphisms around tori.

Then applying the main diagram (as used in [3] ) we can choose h sufficiently

close to id so that we can find a homeomorphism Â: / x Rn xQ—+IxRnxQ

such that

(1) £ = h on / x B" x Q,

(2) h = id on 0 x Rn x Q,

(3) h is bounded, i.e. {||jCj - jc2|| \h(tv xv qt) = (r2, x2, 72)} is bounded

above,

(4) h depends continuously on h,

(5) Ä = id if Ä = id.
The construction of h uses no infinite-dimensional topology and can be carried

out by anyone familar with [3] or [9].

Now choose h sufficiently close to id so that

h(I x B" x Q) C / x Bn£ x Q C / x B[A x Q C h(I x B\ x Q).

o
Let a: B"6 —> Rn be a radially-defined homeomorphism such that a = id on

B"s. Then hi = (id x a x id)-1Â(id x a x id) defines a homeomorphism of

/ x B" 6 x Q onto itself such that

(1) hl = h on / x 5" x Q,
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(2) A, = id on 0 x è\ 6 x Q,

(3) for each e > 0 there exists an r < 1.6 such that \\ph{t, x, q) - x\\ < e,

for all (t, x, q) EI x (Bn16 - B^) x Q, where p: I x Bnlf> xQ—* Bn6 is the

projection map,

(4) h¡ depends continuously on h,

(5) hx = id if Ä = id.

Let the cone over ß be represented by C(Q) = (ß x [0, 1)) U {v} with the

usual topology. Then there exists a homeomorphism ß: Q x [0, 1] —* 0(0) such

that ß(Q x 0) = Q x 0. This just follows from the fact that ß is homeomorphic

to its own cone and the Homogeneity Theorem (see [8] ). Define

A = {(x, q, t)ER" x 0(0)11.5 < ||x|| < 1.6 and 10(|ix|| - 1.5) < t < 1}

u (ß".6 -*i.s) * M c (he -ks) * C{Q)

and let y: A —► (B"l6 - B"£) x C(Q) be defined by y(x, v) = (x, v) and by

linearly homeomorphing x x q x [10(||x|| - 1.5), 1) onto x x q x [0, 1), for

each x and q. Define 6:1x(Bn¿ -5?.s) xQ—*(BnA -fi?.s) x C(ß)by 6(t,x,q)

= (x, ß(q, 0) and define 5 : (/ x Bns x Q) U d ~l (A) —»• / x Bn6 x ß by setting

6 = id on / x B"1¡5 x ß and 5 = 9~1ye on B~Ï(A). Then S_1«,ô extends via

the identity to h, a homeomorphism oi I x Rn x Q onto itself which fulfills our

requirements.   D

We now use Theorem 2.1 to prove the main result of [3]. Note that we

do not use the triangulation and classification theorems for ß-manifolds.

Theorem 2.2. If X is a compact Q-manifold, then the homeomorphism

group of X is locally contractible.

Proof.   Using the fact that X is homeomorphic to / x X, all we have to

do is prove that the homeomorphism group H(I x X) is locally contractible. Note

that C(X), the group of concordances of X, is a subspace of H(I x X). The first

step will be to prove that C(X) is locally contractible; then the next step is to

use this fact to prove that H(I x X) is locally contractible.

I.   C(X) is locally contractible.  Just as in [5] we can find a finite sequence

X = X0 C Xt C • • • C Xk±x C Xk, where each X¡ is a compact ß-manifold, Xk

is homeomorphic to Q, and for each i>\ there exists an open embedding h¡:

R"¡ x Q -»• X¡ such that Xi_l =X¡- h¡(Bni x Q). Using the fact that (/ x Q,

0 x Q) is homeomorphic to (cone on ß, base) by the homeomorphism ß used in

the proof of Theorem 2.1, and then applying the Alexander trick, it is easy to see

that C(ß) is locally contractible; therefore C(Xk) is locally contractible. Working

inductively backwards through the above sequence we will prove that the local

contractibility of C(X¡) implies the local contractibility of CiX^^, for each i> 1.
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This will imply that C(X) is locally contractible.  So choose i > 1 and h G
is O

C(X¡_ j ). We will prove that if h is sufficiently close to id, then h ="= id rel 0 x

X;_,. It will follow from the construction that this isotopy depends continuously

on h and if h = id, then each level of this isotopy is the identity. If we can do

this, then it will clearly follow that (XA^-.j) is locally contractible.

It is elementary to construct an isotopy <¡>t: I x X¡_ 1 —*■ I x X¡_ j, 0 <

t < 1, such that <t>0 = id, 0,(0 x Af,-.^) C 0 x Xi_l, for each t, and

0,((O x AT,..,) U (/ x hßB"' x g))) = 0xXi_1.

Then put gt = 0~IA0i, which defines an isotopy of / x Xi_l onto itself such

that h =* £i rel 0 x Xi_i and g1 = id on / x h^bB"1 x Q). By using a simple

variation of the Alexander trick we may additionally assume that gx = id on

/ x h¡((B^' - Bni) x Q). Extending gl via the identity we get an element f, G

C(X¡). Note that by choosing h sufficiently close to id we can make "gt as close

to id as we please.

By choosing "gt sufficiently close to id and by using the local contractibility

of C(X¡), we can find an isotopy ft: I x X¡ —► / x X¡ such that f0 = g'1, fl = id,

ft depends continuously on £j, and if gj = id, then ft = id for each t. The restric-

tion 9t = ft(id x h¡)\: I x B 2' x Q —* I x X¡ gives us an isotopy of open embed-

dings such that 0O = 6t = (id x h¡)\ and 0t = id x hi on 0 x ¿2' x Q, for each

t. Using Theorem 2.1 we can choose an isotopy 6t: I x Xt —»■ / x X¡ such that

00 = ?, = id, fl/id x h,)\I xBn' x Q = Bt\I x ¿"' x Q, iTf depends continu-

ously on 6t, and 6t is supported on / x 52' x Q. Then 0^lft: I x X¡ —*■ I x X¡

is an isotopy such that Ö „ 1f0 = gl, Ö ¡" '/, = id, and ?" lft\I x h^ÈT* x Q) =

id for each /. The restriction Q^f^I x X¡_1:1 x X¡_t —*■ I x AT/_1 gives us

an isotopy gt ^ id rel 0 x X¡_ t. The isotopies h » gt =* id therefore fulfill

our requirements.

II.  f/(/ x X) is locally contractible.  Choose any h E H(/ x X). We need

to show that if h is sufficiently close to id, then h ^ g, where g is an element of

C(X) such that this isotopy depends continuously on h and if h = id, then each

level of this isotopy is the identity. Then using the fact that C(X) is locally con-

tractible this will be enough to imply that H(I x X) is locally contractible. But

the isotopy h a? g G C(X) is just a routine application of Lemmas 3.2 and 3.4 of

[3], which follow immediately from [2].   D

3. Strategy. In this section we will describe how §§4 and 5 are related.

The following is the main technical result used in the proof of Theorem 1.

Representation Theorem. Let M be a compact PL manifold, h a A-

preserving homeomorphism of A x / x Mx Q onto itself which is the id on
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A x 0 x M x ß, and g0 a dA-preserving homeomorphism ofdA x I x M onto

itself such that h = g0 x id on 9 A x / x M x Q.  Then there exists aj>0 and

a A-preserving homeomorphism g of A x I x M x B1 onto itself such that

h s?(A)g x id rel(A x 0 x M x Q) U (3A x / x M x Q).

We remark that for each / > 0 we have a natural splitting ß = B' x ß;.,

where Q, =, [-1, 1]°*; thus g x id = g x idg.. If d > 0 is an integer, we will

use RT(d) to refer to the above statement for all choices of M, h, g0 and A such

that dim A < d.

Of crucial importance in the proof of the Representation Theorem is the

following result.

Splitting Lemma.   Let M be a PL manifold, a:Rn xBk -+MaPL open

embedding, h: A x I x R" x Bk x Q—+ A x I x M x Qa A-preserving open

embedding such that h = id x a x id on A x 0 x R" x Bk x Q, f0: dA x I x

B\ x Bk —*dAx I x Ma dA-preserving embedding, and g0: dA x I x M x Q

—*dAxIxMxQa dA-preserving homeomorphism such that g0h = f0 x id

on bA x I x Bl x Bk x Q and

g0 = id on (3A x 0 x M x Q) U (3A x / x M x Q-h(dA xlxfy xBk x Q)).

Then there exists a A-preserving embedding f: A x I x B" x Bk x B' —*■• A x I

x M x ßi (for some j > 0) and a A-preserving homeomorphism g: A x I x M x

Q—+ A x I x M x Q such that

gh =/ x id on A x I x Bn xBk x Q,  g = g0 on dA x I x M x Q,

and

g = idon(AxOxMxQ)U(AxIxMxQ-h(AxIxB". xBk x ß)).

If d > 0 is an integer, we will use SL(d) to refer to the above statement for

all choices of M, a, h, /„, g0, and A such that dim A < d.

The proof of the Representation Theorem is accomplished by proving RT(d),

for all d > 0, and this is done by inducting on d. The case d = 0 was treated in

[7] and the step from KT(d - 1) to RT(cQ is divided into the following two im-

plications:

RT(d - 1) => SL(cQ «•> RT(d).

The first implication is proved in Theorem 4.1 and the second is proved in Theo-

rem 5.1.

4. Statement and proof of Theorem 4.1. Before proving Theorem 4.1 we

will need four lemmas. The first two are established in [7] while the third and
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fourth need some argument. In particular, Lemma 4.1 follows from Lemma 2.3

and Theorem 2 of [7] and Lemma 4.2 follows from Theorem 2 of [7]. Note

also that Lemma 4.1 is a strengthened SL(0).

Lemma 4.1. Let M be a PL manifold, a: Rn x Bk —*-M be a PL open

embedding, and let h: I x Rn x Bk x Q —ylxMxQbean open embedding

such that h = a x id on 0 x Rn x Bk x Q.  Then there exists an embedding

f.IxB" x Bk x B' —*■ I x M x B' (for some j > 0) and a homeomorphism

g: I x M x Q—+I x M x Q such that gh = / x id on I x B\ x tí1 x Q, g = id

on (0 x M x ß) U (/ x M x Q - h(I x Bnz x Bk x ß)), and

h(I xBn xBk x ß) C/(J x B\ x Bk x B1) x Q.

Cf(I x B\ x 5* x Bf) xQjCh(IxBlxBk x ß).

Lemma 4.2. Let M be a compact PL manifold, a: Rn x Bk —*MaPL

open embedding, f: I x R" x Bk —*■ I x M a PL open embedding such thatf=ct

on 0 x Rn x Bk, and h: IxMxQ—*IxMxQa homeomorphism such

that h = id on 0 x M x Q and /¡(id x a x id) = / x id on I x B" x Bk x Q.

Then there exists a PL homeomorphism g: I x M x Bl —>I x M x B1 (for some

j > 0) such that g = id on 0 x M x B' and g(id x a x id) = / x id on I x B" x

Bk x B>.

In the next two lemmas we will prove some consequences of Kl(d) which

will be needed in the proof of Theorem 4.1.

Lemma 4.3. Let M be a compact PL manifold, K a finite simplicial com-

plex such that dim K < d, and h: KxIxMxQ—+KxIxMxQa K-pre-

serving homeomorphism such that h = id on K x 0 x M x Q.   Then RT(d) im-

plies that there exists a K-preserving homeomorphism g: K x I x M x B' —+

Kxl xMxB' (for some] > 0) such that h *& QQg x id ielK x 0 x M x Q.

Proof. We induct on d. For d = 0 the result is easy, so passing to the

inductive step let dim K = d and let Kd_1 be the (d - l)-skeleton of K. We are

going to apply the inductive hypothesis toKd_1, but first we have to modify A.

It is easy to see that h =2 (K)ht rel K x 0 x M x Q, where ht = h on Kd_l x

I x M x Q and for each d-simplex o of K, h^o x I x M x ßisa "product" on

a neighborhood of da x I x M x Q. By this we mean that there exists a PL open

embedding 0: bo x [0, 1) —*■ o such that 6(x, 0) = x and such that

h1(8(x, u), t, m, q) = hy(x, t, m, q),

for all x, u, t, m, q. (We call 6 a PL collaring of 9a.)

Applying the inductive hypothesis and using the above "product" property
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is O
we get«j — (K)h2ielKx 0 xMxß,where«2 = g0 xidon^..! xIxMxQ

andgQ:Kd_1 xl xM xB11 —>Kd_1 x I x M x Bfl is aKd_l-preservinghome-

omorphism (for some j1 > 0). Then in order to finish the inductive step we ap-

ply RT(d) to each a x I x M x Q, for a a d-simplex of K.   D

Lemma 4.4. Let dim A = d, f: dA x I x Bns x 5* —> 3A x / x B\ x

BP be a dA-preserving open embedding such that f= id on 3A x 0 x Bns x Bk,

and let h: 3A x / x B\ x Bk x Q —*■ 3A x / x B\ xBk xQbea dA-preserv-

ing homeomorphism such that h = id on dA x 0 x B" x Bk x Q and h = / x id

ondAxI x B"1£ x Bk x Q.  Then KT(d - 1) implies that there exists a dA-pre-

serving homeomorphism gofdAxIxB% xfi* x Bi onto itself (for some j > 0)

such that

g = idondAxOxBl xBk xB*, g = fxidondAxIxB" x& xBf,

and

h ~ (dA)g x idrel(3A x 0 xB\ xBk x Q)U(3A x/x5" xfi* x ß).

Proof. Write 3A = Aj U A2 where Aj, A2 are (d - 1) Simplexes and

Aj n A2 = 3Aj = 3A2. Let Aj be a regular neighborhood of Ax in 3A. Then

Aj is a (d - l)-simplex containing Aj in its interior.

For each t G Aj we can use [9] to find a neighborhood U C At of t and

a {/-preserving homeomorphism t//^: U x I x B^ x Bk —>■ U x I x B% x Bk

such that tyv = id on U x 0 x B\ x Bk, (ÜtjX = id, and (4>u)sft ~fsonIx

B"A x Bk, for all s S U.  Using [12] we can retriangulate I x ff\ x Bk so that

ft\I x BnA x Bk is a PL open embedding. Then Lemma 4.2 implies that there

exists a homeomorphism 0 of / x B" x Bk x B'1 onto itself (for some ]\ > 0)

such that <t> = id on 0 x B\ xBk x 571 and <t> - ft x id on / x B"3 x Bk x

B11. Define Bv from U x I x B\ x Bk x Bh onto itself by (Ö^)s = ((^ xid)&

for all s G U.  Then Bu is a CApreserving homeomorphism such that Bu = id on

U x 0 x B\ x Bk x Bh and (Bjj\=fs on/ x B"13 x Bk x B'1, for all s G K

Since Aj is contractible we can choose U = Ax. To see this one just reduces the

problem to that of finding a cross-section for a locally-trivial bundle with Aj as

the base space. Put 6 = Qv.

Note that h = (0 x id)-1« defines a Aj-preserving homeomorphism of

Aj x / x B\ x Bk x Q onto itself which is the identity on (Aj x 0 x B\ x Bk

x ß) U (Aj x / x ff¡ j xfi*x ß). Applying Lemma 4.3 to / x M = (/ x B\ x

Bk) -(I x Bn3 x Bkj, where 0 x M is identified with (0 x (AJ -¿"3) x Bk) U

(/ x 35" 3 x Bk), we can find a Ax-preserving homeomorphism h of Aj x / x

B% xBk x Q onto itself such that
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h * (AX)A rel(A! x 0 x 52 x Bk x ß) U (Ax x / x ff[¿ x Bk x Q)

U (9Aj x / x B\ x Bk x ß)

andA~ = gj x id on Aj xl xB\ x 5* x ß, wheregj is a Aj-preservinghomeo-

morphism of Aj x / x B\ x Bk x B11 onto itself (for some /2 > 0). Note that

to get h =* (Aj)A rel 9Aj x/xfi^xrxßwe must first modify h so that

it is a "product" on a neighborhood of 9Aj x I x B2 x Bk x Q. (See the con-

struction of A, in the proof of Lemma 4.3.)

Then (0 x id)h defines a Ax-preserving homeomorphism of At x I x B2 x

5* x ß onto itself such that

(0 x id)h = id on At x 0 x5^ x5* x ß, (0 x id)A = A on 9A, x/x 52 x5* x ß,

(ôxid)Â = (ôxid)01 xid)onAj xIxB".xBk xQ,

(0 x id)h=fx id on Ai xIxB"3xBk x Q.

Then (0 x id)A extends by A to a 9A-preserving homeomorphism Aj of 9A x / x

Bn2xBk xQ onto itself.

Note that

h1 * (bÄ)hKl(bAx0xff2txBkxQ)U(bAxIxBnijxBkxQ)

and if j2 is chosen greater than ]x, then hi = (0 x id)gi x id on Ax x / x B\ x

5* x ß, where (0 x idjgj is a Aj -preserving homeomorphism of Aj x I x B2 x

Bfc x B12 onto itself. To finish the proof we repeat the above argument for

h1\A2 x I x B2 x Bk x Q.  This again requires the use of [9], but now instead

of using Lemma 4.3 we appeal directly to RT(c? - 1).   D

We are now ready for the proof of Theorem 4.1.

Theorem 4.1. KT(d - 1) implies SUd), for any d>l.

Proof.  Working inductively we may assume that SL(d - 1) is true. (Note

that Lemma 4.1 implies SL(0).) Consider the data of the statement of SL(d) with

dim A = d. We will show how to construct our required / and g. Note that the

statement of SUd) requires that we stabilize by crossing with B1, for some ap-

propriately-chosen value of/ > 0. In the course of the proof we will have to in-

voke several results, each of which requires a stabilization. In retrospect no gen-

erality is lost if we ignore these stabilizations until the last line of the proof.

Adopting this policy for the proof of Theorem 4.1 will simplify the notation and

should cause no confusion for the wary reader.

Using Theorem 2.1 we can choose a subdivision of A so fine that if o is a

simplex of A and v is a point of a, then there exists a o-preserving homeomorphism
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\p of oxIxMxQ onto itself such that

(1) hfl x B"3S x Bk x Q) C hfl x B"36 xBk x Q), for all s.tEa,

(2) hfl x Bls x B" x ß) C ht(I xß\xBk x ß), for all s, t G a,

(3) *„ = id, '

(4) i¿, = id on (0 x M x Q) U (/ x M x Q - ht(I x Bnls xBk x ß)), for

allrGff,

(5) i//f«u = ht on I x BnlA xBk x Q, for ail t G a.

Let A be the (d - l)-skeleton of A. Using SL(d - 1) (which follows from

our inductive assumption) we can inductively choose a A-preserving embedding

/ of A x / x B"s x Bk into A x I x M and a A-preserving homeomorphism g

oîAxIxMxQ onto itself such that

f«=/xidonÄx/x5^ x Bk x Q, g=gQondAxIxMxQ,

and

f = idon(Äx0xMxß)U(Äx/xMxß-«(Äx/x5^ x Bk x ß)).

Now consider a fixed d-simplex o of A. We will show how to extend

f \da x I x Bn x Bk to a a-preserving embedding/: o x I x Bn x Bk —+ o x I

x M and how to extend g\do x I x M x Q to a cr-preserving homeomorphism g:

oxIxMxQ—+oxIxMxQso that our requirements are satisfied.

Using Lemma 4.1 we can find an open embedding 6:1 x R" x Bk —*IxM

such that 6 = a on 0 x B" 7 x Bk and

hfl x B"3f> x Bk x Q) C 6(1 x B"31 x 5*) x ß

C 0(7 x 55 7 x 5k) x ß C «„(/ x #; 8 x Bk x Q),

(2) 6(1 x 3537 x Bk) x Q o» Au((7 x B"3S -B"36) x Bk x Q) is a homo-

topy equivalence. Let t1 be the homeomorphism of

A = (0 x (537 -1^4) x 5* x ß) U (/ x 35^7 x 5* x ß)

U (/ x 35? 4 x Bk x Q)

onto

B = (a x id)(0 x (#; 7 - 5? 4) x Bk x Q) U (0 x id)(7 x dBn3 7 x 5k x ß)

U «„(/ x 35^.4 x Bk x Q)

defined by r, = (a x id) U (0 x id) U h„. Clearly there exists a homeomorph-
o .

ism of A x [0, 1] onto 7 x (5"7 ~B"A) x BK x Q which sends each (a, 0) to

a.   It is also true that there exists a homeomorphism of B x [0, 1] onto

(*) (0 x id)(7 x B"31 xBk x ß) - hfl x B"iA x Bk x Q)
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which sends each (b, 0) to b. To see this one first uses the fact that the homotopy

equivalence

B^(0 x idX/ x B\n x Bk x Q) - hv(I x B"1A x 5* x Q)

is homotopic to a homeomorphism (see [6] ) to construct a homeomorphism of

B x [0,1] onto (*), and then the homeomorphism extension theorem for Z-sets is

used to adjust this homeomorphism so that (b, 0) is taken to b (see [8] ). Then t1

extends to a homeomorphism r of / x B\n x Bk x Q onto 0(1 xB"7 xBk) x Q

such that t = hv on / x B"1A x Bk x Q.

Note thatji/'iid x t)gives a 9a-preserving homeomorphism of bo xIxB%7

x Bk x Q onto bo x 0(1 x 5"7 x Bk) x Q which is id x a x id on 9a x 0 x

B"3 7 x Bk x Q, id x 0 x id on 9a x / x 95^ 7 x Bk x Q, and is J x id on 9a x

/ x B"A x 5* x ß. Then (id x 0-1 x id)g"0(id x r) gives a 9a-preserving ho-

meomorphism of 9a x / x 5^.7 x Bk x Q onto itself.

Let 0: 9a x [0, 1) —> a be a PL collaring of 9a and let o^ = o -

0(9a x [0, #)). Define /: (a - aw) x / x B" x Bk —*■ (a - a%) x / x M by

/(0(x, s), t, y, z) = f(x, t, y, z). Using Lemma 4.4 we have a 9a-preserving ho-

meomorphism b of bo x I x i?3 7 x Bk onto itself such that

A = id on (9a x 0 x B% 7 x Bk) U (bo x I x bBn3 n x Bk),

b x id = (id x A-1 x idX/ x id) onbo x I x B" x Bk x Q,

and

(id x 0-1 x id)?0(id xi)=? (bo)b x id rel(9o x 0 x B%n xBk xQ)

U(9ax/x952.7 x 5* xß)U(9ax/x5" xBk xQ).

Let bs be the above isotopy parametrized so that 0 < s < Vi,

bQ = (id x 0~l x id)g"0(id x t),   and   bVl = b x id.
o o

Define a (a - a^-preserving homeomorphism g of (a - a%) x I x M x Q onto

itself by

**(*..)!«</ x B"n x 5*) x ß = (0 x idXA^r"10-¿>í}|0(/x5».7 xj*) x Q,

and ^/x j) = id elsewhere. Then we have g = g on 9a x / x M x Q and gh =

/ x id on (o - o%) x I x B" x Bk x Q.

Finally we have to show how to define f\o^ x I x Bn x Bk and glo^ x

I x M x Q. It is easy to extend A to a a-preserving homeomorphism b of a x /

x 5^.7 x Bk onto itself such that A = id on (a x 0 x B%n x Bk) U (a x / x

95^7 x 5fc). We will use A to get our required extensions of/and g.

Let (3: a% —> a be the unique radially-defined homeomorphism which is

linear on each ray emanating from the origin. Define glo^ x 0(1 x B\n xBk)x

Q by gx = (0 x idXAflje) x idjr-1^1 andgx = id elsewhere. Note that for

xecrjjwe have
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gxhx\I xB"xBk xQ = (6x idXbßM x id)|/ x Bn x Bk x Q.

Then all we have to do is define f\oVl x I x B" x Bk by fx = 8b»,xy   D

5. Statement and proof of Theorem 5.1. The following lemma isolates the

key inductive step in the proof of Theorem 5.1.

Lemma 5.1. Let M be a compact PL manifold, N CdM a compact PL sub-

manifold, <p: N x [0, 1) —► M a PL collaring of N, a: Rn x Bk -+NaPL open

embedding, h:AxMxQ—+AxMxQa A-preserving homeomorphism (where

dim A<d),g0: 3A x M —► 3A x M a dA-preserving homeomorphism such that

h — g0 x id on dA x M x Q, and let g: A x MVl —► A x M be a A-preserving

embedding (whereMt = M- 0(A/ x [0, t)) such that h = g x id on A x MVl xQ.

Then SL(c/) implies that there exists a A-preserving homeomorphism h : A x M x

Q —► A x M x Q and a A-preserving embedding

g:Ax (M2/3 U <aa(Bn x Bk) x [0, 2/3])) xB'-^AxMxßf

(for some j > 0) such that h = g x id on A x (M2/3 U 0(a(5n x Bk)x [0,2/3]))

xQandh ~ (A)h rel(A x M2/3 x Q) U (3A x M x Q).

Proof.  Just as in the proof of Lemma 4.4 we can find a A-preserving

homeomorphism 0 of A x M onto itself such that 0 = g on A x M2,3. Then

(0 x id)-1« is a A-preserving homeomorphism of A x M x Q onto itself which

is the identity on A x Ai2y3 x ß and which is (0 x id)~1(g0 x id) on 3A x M

x Q. Applying SL(d) we can get a A-preserving embedding

/: A x #a(5" x Bk) x [0,2/3]) x B>-+A x (¡>(N x [0,2/3]) x 5>

(for some / > 0) and a A-preserving homeomorphism ß of A x <fi(N x [0, 2/3]) x

ß onto itself such that

ß(6 x id)-1 h =/ x id on A x 0(a(8" x Bk) x [0,2/3]) x ß

and

0 = id on(3A x <p(N x [0,2/3]) x ß)U(A x <p(N x 2/3) x Q)

U(Ax<t>(Nx [0, 2/3]) x ß - (0 x id)"1 h(A x 0(a(^ x Bk) x [0,2/3]) x ß)).

Our required A-preserving homeomorphism h is defined by h = h on A x

Ai2/3 x ß and h = (0 x id)ß(6 x id)-1 h on A x ftN x [0, 2/3]) x Q.  It fol-

lows from the contractibility of //(/ x Q, 0 x Q), the group of all homeomor-

phisms of 7 x ß which are fixed on 0 x ß, that h — (A) h rel(A x M2,3 x Q) U

(3A x M x Q). Our required A-preserving embedding 'g is defined by 'g = g x id

on A x M2/3 x B' and g = (0 x id)/on A x 0(a(5" x Bk) x [0,2/3]) x Bi'.  D
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Theorem 5.1. SL(cOimpliesKî(d),foranyd>l.

Proof.  Just as in the proof of Theorem 4.1 we will ignore the stabiliza-

tions necessary to carry out the constructions in this proof. Choose a filtration

M0 C Ml C • • • C Mp = M of M, where M0 is a regular neighborhood of bM

and each M¡ is obtained from Mt-l by attaching a PL handle. For each i let

M¡ = ([0, M] x M) U ([Vi, 1] x M¡) thus giving a filtration M0 C Mt C • • • C

Mp = I x M.  Observe that for each i there exists a compact PL submanifold Nt

of b(I x M), a PL collaring <p¡: N¡ x [0, 1) —* / x M, and a PL open embedding

a¡: R"¡ x Bk' —» N¡ such that M¡ = IxM- 0,^ x [0, 2/3)) and M¡+1 = M¡

U 0I(aI<5n/ x Bkl) x [0, 2/3]). We also note that there exists a PL homeomor-

phism of I x M onto itself taking M0 onto [0, 1/3] x M. Thus we may assume

that MQ = [0, 1/3] x M.

We will inductively cany out the following construction:  For each i there

exists a regular neighborhood M¡ of M¡, a A-preserving embedding g¡: A x M{ —►

A x I x M and a A-preserving homeomorphism h¡ofAxIxMxQ onto itself

such that h¡ = gt x id on A x M¡ x Q, h¡ = gQ x id on 9A x / x M x Q, and

h¡ '~ (A)A rel(A x 0 x M x ß) U (9A x / x M x Q). It is clear that this will be

sufficient to prove Theorem 5.1.

We first consider the case i = 0. Let us regard A as Bf, where Af = Bd.

Note that A '£ (A)A' rel(A x 0 x M x Q) U (9A x / x M x Q), where for each

x G A - At/i and radial projection x ofx onto 9 A we have hx = hx>. Let 0:

A -* [0, &] be defined by 0(x) = J4, for x G Aw, and 0(x) = 1 -1, for x G 9Ar

and a/4 < r < 1. Then there exists a A-preserving homeomorphism A0 of A x / x

M x ß onto itself defined by (A,,), = id on [0, 0(x)] x M x Q and on [8(x), 1]

x M x Q we just let (h0)x be h'x linearly scaled-down from [0, 1] x M x Q to

[0(x), 1] xMxQ.  Clearly A0 '£? (A)A rel(A x0xMxß)U(9Ax/xMx

ß). To get our desired gQ: A x MQ-+ A x I x M (where M0 = [0, Vi] xM)we

define (!"„), = id on [0, 0(x)] x M, for all x G A, and to get (go)x\[0(x), ft] x.M,

for x G A - Âfc, we first linearly scale-down (g-0)x from [0, 1] x M to [0(jc), 1]

x M and then suitably restrict it. Then h0=gQ x id on A x A/0 x ß.

Passing to the inductive step let us assume that Mt, g¡, and Ay have been con-

structed.   Without loss of generality we may assume that M¡ D I x M -

0,.(^ x [0, K)).   Put

Mt+1 - [/ x M- <t>,{N( x [0,7/12))] U0/+1(a/+1(^,+1 x5*i+1)x [0,7/12])

and use Lemma 5.1 to get a A-preserving embedding gi+1 of A x Mi+l into A x

I x M, and a A-preserving homeomorphism A,+1 ofAxIxMxQ onto itself
iso

such that A/+ ! = g0 x if on 9A x / x Ai x ß and A/+, a¡ (A^ rel(A x 0 x M x Q)

U (9A x / x M x ß).  D
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6. Proof of Theorem 1. Assuming the data of Theorem 1 we will first

need to know that vnC(M x Q) is isomorphic to the direct limit of the system

/ \ (x id)* (x id)* ,
w «„w)1—^tt„c(mx[-lid—^„a^x [-i,i]2)-+••••

Call this direct limit 7r~C(M) and note that there is a natural homomorphism 0:

n„*C(M) —* ir„C(M x Q) which is induced by the commutativity of

*nC(M x [-1, l]')^-^> vnCW x [-1,1]'+1)

(xid)\ J(xid\
T„(XMxß),

for each i > 0.

It follows from the Representation Theorem that 0 is 1-1 and it follows from

Lemma 4.3 that 0 is onto. Thus we have 7r~C(Af) « it„ C(M x Q). It is worth re-

marking that this result is independent of the results of [10]. On the other hand if

we use the results of [10] we see that the system (*) stabilizes, i.e. for some i> 0

(dependent on n) we have

Tt„C(M x [-1,1]') *m     *ttC(M x [-1, l]i+1)

This implies that nn C(M x [-1,1 ] ') « tt~ C(M).   D

7. Proof of Theorem 4.   In [7]  the following exact sequence was

lished for X any compact ß-manifold.

(*) -► vnC(X) -* ir„H(X)-?>irnE(X)-+-► ir0E(X).

The map 0 is induced by the inclusion H(X) c» E(X). The proof of (*) given in

[7] uses [3], but Theorem 2.2 of the present paper removes that dependence on

[3]. It is clear that Theorem 4 follows from (*) and the Corollary of Theo-

rem 3.   D
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