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ABSTRACT. The main result of this paper asserts that homotopy groups
of concordances of compact Hilbert cube manifolds are isomorphic to homotopy
groups of concordances of compact finite-dimensional piecewise-linear manifolds.
This enables us to apply some finite-dimensional results to obtain some new in-
formation about homotopy groups of homeomorphism groups of compact Hil-
bert cube manifolds. Our approach also yields a much shorter proof of the local
contractibility of the homeomorphism group of any compact Hilbert cube mani-
fold.

1. Introduction. If X is a compact metric space, then we will use C(X) to
denote the space of all concordances of X, i.e. C(X) is the function space of all
homeomorphisms of [0, 1] x X onto itself which fix 0 x X. We give C(X) the
compact-open topology and let it be pointed, with base point the identity. Q is
used to denote the Hilbert cube, which is the countable-infinite product of closed
intervals [—1, 1], and a Q-manifold is a separable metric manifold modeled on Q.

We first recall some facts from [7]. The following is the main result estab-
lished there.

(A) If M is a compact PL manifold, then there exists an i = 0 and a sur-
jection (x id),: moCM x [—1, 1]%) = my C(M x Q), where xid: C(M x [-1,1]%)
— C(M x Q) is obtained by crossing each homeomorphism with the identity.

(Recall that m,C(X) is the set of path components of C(X). It becomes a
group under composition.) This result just says that any homeomorphism 4 €
CM x Q) is isotopic, rel 0 x M x Q, to a homeomorphism of the form f x id,
where f€ CM x [-1,1])) and [-1, 1) is regarded as the product of the first i
intervals in Q = [~1, 1]®. The proof of (A) uses standard tools from PL mani-
fold theory along with the following stability result of [10]: If M is a compact
PL manifold, then the homomorphism (x id),: 7, C(M) — m, C(M x [-1, 1]) is
an isomorphism, for dim M >> n. Without this stability result, (A) asserts that
there is a surjection of the direct limit of
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(x id), (xid),
o CM) —— 1o CM x [-1,1]) —— 1o CM x [-1,1]2) —> =+
onto 7, C(M x Q).

Using (A) above we have a means of obtaining information about homeo-
morphisms on M x Q from homeomorphisms on M x [—1, 1}’. In particular,
the following result is a corollary of (A).

(B) If M is a compact 1-connected PL manifold, then n,, C(M x Q) = 0.

For this we use the fact that 7, C(M) = 0, for M 1-connected and dim M >
5 [13]. Using a little Q-manifold theory this implies (again from [7]) that any
two homotopic homeomorphisms on a compact 1-connected Q-manifold are am-
bient isotopic. This result is not surprising if one recalls the parallel situation for
1,-manifolds, where /, is separable Hilbert space. In [1] it was shown that any
two liomotopic homeomorphisms on an /,-manifold are ambient isotopic (see [4]
for a shorter proof). The surprising part of (B) above is the difficulty of its proof.

It was also shown in [7] that the assumption of 1-connectivity in (B) above
cannot always be dropped. Here is the result.

(C) For some i > 0 we have an isomorphism (x id),: myC(S* x I') =
7yC(S! x Q). It follows from the PL Pseudo-Isotopy Theorem of [11] that
70! x I') #0, for i > 5(2) Using this result, along with (C) and a little
Q-manifold theory (again see [7]), we conclude that there exist homeomorphisms
on S! x Q which are homotopic but not ambient isotopic.

The purpose of this paper is to prove the following result.

THEOREM 1. If M is a compact PL manifold, then for each n > 0 there
exists an i > 0 (depending on n) and an isomorphism (x id),: 7, C(M x [-1,1])
s, C(M x Q).

This amounts to a substantial improvement of (A) and (C) above. In fact
this completely reduces the problem of the calculation of the homotopy groups
of C(X), for X a compact Q-manifold, to the corresponding “stable” problem for
compact PL manifolds (because X is homeomorphic to some M x Q [S]). Here
is an immediate consequence of Theorem 1.

THEOREM 2. If X is a compact connected Q-manifold, then n,C(X) =0
iff X is 1-connected.

Theorem 2 gives us the other half of (B) above. It is deduced from Theorem
1 by using the following consequence of the PL Pseudo-Isotopy Theorem of [11]:
1, C(M) = 0 iff M is 1-connected, for M a compact connected PL manifold,
dimM>5.

®) In fact 1gC(S X1 8 2, 02, @ < +.
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Concerning the higher homotopy groups we have the following less precise
result.

THEOREM 3. Let X, Y be compact, connected Q-manifolds and let f:
X — Y be a k-connected map, k > 2. Then there is induced an isomorphism
7, CX) = 7, C(Y), for0OKn<k-2.

Applying this to the case ¥ = Q we have the following

CoROLLARY. If X is a compact Q-manifold which is k-connected, k > 2,
then m,C(X)=0,for 0<n<k-2.

Theorem 3 is deduced from Thoerem 1 by use of the following PL result
of [10]: If f: M — N is a k-connected map of compact, connected PL mani-
folds, where dim M, dim N >> k > 2, then there is induced an isomorphism
7, CM) = 7, C(N), for0<n<k-2.

The above results also shed some light on the homotopy groups of homeo-
morphism groups of Q-manifolds. For any compact metric space X let H(X) de-
note its homeomorphism group and let E(X) denote its space of all self-homotopy
equivalences. We give each space the compact-open topology and let it be pointed,
with base point the identity. Here is our result concerning homeomorphism
groups. For more details see §7.

THEOREM 4. If X is a compact Q-manifold which is k-connected, k > 2,
then the inclusion H(X) < E(X) induces an isomorphism m,H(X) =~ , E(X), for
0<n<k-2,and an epimorphism forn =k — 1.

We now make a few comments concerning the organization of the material
in this paper. In §2 we introduce some notation and then we prove a result
(Theorem 2.1) which will be needed in §4 for the proof of Theorem 4.1. Inci-
dentally, Theorem 2.1 gives us a somewhat easier proof of the local contractibility
of the homeomorphism group of a compact Q-manifold [3]: this is carried out in
Theorem 2.2. The main technical result needed in the proof of Theorem 1 is the
Representation Theorem. It is stated in §3 and is proved in §§4—S5. Then in §6
we prove Theorem 1 and in §7 we prove Theorem 4.

2. A key result. In this section we introduce some notation and then prove
a result (Theorem 2.1) which will be used in the proof of Theorem 4.1. We also
prove (Theorem 2.2) that the homeomorphism group of any compact Q-manifold
is locally contractible. This is a significant simplification of the argument given
in [3].

We use R" to denote euclidean n-space and for any r > 0 we let B" =
[=7, r]® CR™. The interior and boundary of B} will be denoted by B’l and
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0B}, respectively, while the prefixes Int and Bd will be used to denote topological
interior and boundary in general. If r = 1 we will omit the subscript on B}. We
also let 7 = [0, 1] and A will be used to denote a standard simplex in R".

For spaces X, Y, and Z a homeomorphism #: X x Y — X x Z is said to
be X-preserving provided that h(x x Y) = x x Z, for each x € X. For each
x € X we use h,: Y — Z for the level of h defined by h,(y) = z, where h(x, »)
=(x,z). If g: X x Y — X x Z is another X-preserving homeomorphism, then
we write i £2 (X)g to mean that h is isotopic to g, with each level of the isotopy
being X-preserving. Of course the notation h is0 (X)g rel A has the usual mean-
ing. The symbol “id” will be used to denote the identity map of a space onto
itself and id will also be (incorrectly) used to denote the inclusion map of a space
into a larger space.

We are now ready for Theorem 2.1.

THEOREM 2.1, Lez; h: I x §g x Q — I x R" x Q be an open embedding
such that h = id on O x B} x Q. If h is sufficiently close to id, then there ex-
istsahomeomorphismi?:] x R" x Q— I x R" x Q such that i = honl x
B" xQ, h=idon 0 x R" x Q, and h is supported on h(I x B} x Q). More-
over i depends continuously on h and B =idifh =id.

ProOF. To save time we will assume that the reader is familar with the
technique described in [9, §8] for wrapping small homeomorphisms around tori.
Then applying the main diagram (as used in [3]) we can choose # sufficiently
close to id so that we can find a homeomorphism A: 7 x R® x Q — I x R"xQ
such that

(1) A=honlIxB" xQ,

(@) h=idon 0 x R® x Q,

(3) h is bounded, ie. {llxy —x,ll In(ty, x4, ;) = (23, X5, q5)} is bounded
above,

(4) h depends continuously on A,

(5) h=idif h=id.

The construction of / uses no infinite-dimensional topology and can be carried
out by anyone familar with [3] or [9].
Now choose # sufficiently close to id so that

h(I x B" xQ)CIxﬁ','.5 xQCIxBig xQCh(Ixé’z' x Q).

Let a: 5'1’6 —> R" be a radially-defined homeomorphism such that « = id on
Bls. Thenh; =(id x & x id)~1A(id x & x id) defines 2 homeomorphism of
Ix ﬁ'l’.s x Q onto itself such that

(1) hy =honlIxB" xQ,
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() hy=idon0 x5, x @,

(3) for each € > 0 there exists an » < 1.6 such that llph(z, x, q) x|l <e,
forall (¢, x, ) €I x (B" - B}) x Q, where p: I xB” x Q-—>B"6 is the
projection map,

(4) h, depends continuously on A,

(5) hy =idif h = id.

Let the cone over Q be represented by ((Q) = (Q x [0, 1)) U {v} with the
usual topology. Then there exists a homeomorphism 8: @ x [0, 1] — ((Q) such
that (@ x 0) = Q x 0. This just follows from the fact that Q is homeomorphic
to its own cone and the Homogeneity Theorem (see [8]). Define

A= {(x,q, ) ER" x C(Q)I1.5 < |Ix]l < 1.6 and 10(l|x]l - 15) <t <1}
v (3'1'.6 '3'1'.5) x {y} C (3?.6 "3'1'.5) x C(Q)

andlety: 4 — (13'1'.6 -13'1' ) X C(Q) be defined by y(x, v) = (x, v) and by
linearly homeomorphing x x ¢ x [10(l|xll - 1.5), 1) onto x x q x [0, 1), for
each x and q. Define 0: I x (B} — B} 5) x 0 — (B¢ — Bis) x C(Q) by 6(¢, %, q)
= (x, B(g, 1)) and define &: (I x 19"5 x Q)U 0"(A)—>I xz;';6 x Q by setting
§=idonIxB7s x Qand § =690 on 6~'(4). Then 5~ 'h,8 extends via
the identity to 1, a homeomorphism of I x R" x Q onto itself which fulfills our
requirements. 0O

We now use Theorem 2.1 to prove the main result of [3]. Note that we
do not use the triangulation and classification theorems for Q-manifolds.

THEOREM 2.2. If X is a compact Q-manifold, then the homeomorphism
group of X is locally contractible.

ProOF. Using the fact that X is homeomorphic to I x X, all we have to
do is prove that the homeomorphism group H(I x X) is locally contractible. Note
that C(X), the group of concordances of X, is a subspace of H( x X). The first
step will be to prove that C(X) is locally contractible; then the next step is to
use this fact to prove that H( x X) is locally contractible.

I. C(X) is locally contractible. Just as in [S] we can find a finite sequence
X=X,CX, C+++CX,_, CX,, where each X; is a compact Q-manifold, X
is homeomorphm to Q, and for each i > 1 there exists an open embedding A;:

! x Q — X;such that X;_, = X, - hi(B ™ x Q). Using the fact that (/ x Q,
0 x Q) is homeomorphic to (cone on Q, base) by the homeomorphism g used in
the proof of Theorem 2.1, and then applying the Alexander trick, it is easy to see
that C(Q) is locally contractible; therefore C(X) is locally contractible. Working
inductively backwards through the above sequence we will prove that the local
contractibility of C(X;) implies the local contractibility of C(X;_,), for each i > 1.
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This will imply that C(X) is locally contractible. So choose i > 1 and h €
C(X;_,)- We will prove that if / is sufficiently close to id, then & = id rel 0 x
X;_,. It will follow from the construction that this isotopy depends continuously
on h and if h = id, then each level of this isotopy is the identity. If we can do
this, then it will clearly follow that C(X;_,) is locally contractible.

It is elementary to construct an isotopy ¢,: I x X;_; — I x X;_,;,0<
t <1, such that ¢, = id, ¢,(0 x X;_,) C 0 x X;_,, for each ¢, and

6,0 x X;_ )V x h0B" x Q) =0 x X;_,.

Then put g, = ¢, ’h¢,, which defines an isotopy of I x X;_, onto itself such
that 4 g rel0x X, ;andg, =idon/ x h,(aB"' x Q). By using a simple
variation of the Alexander trick we may additionally assume that g, = id on

I x h((By - B"') x Q). Extending g, via the identity we get an element 3} €
C(X;). Note that by choosing A sufficiently close to id we can make g, as close
to id as we please.

By choosing g, sufficiently close to id and by using the local contractibility
of C(X,), we can find an isotopy f,: I x X, — I x X, such that f, =3}, f; =id,
[, depends continuously on 81 , and if g; &, =id, then f, = id for each ¢. The restric-
tion 6, = f(id x h)l: I x B"' x Q — I x X, gives us an 1sotopy of open embed-
dmgssuchthatoo =0, =(id x k)l and 0, = id xhionO xB"‘ x Q, for each
t. Usmg Theorem 2.1 we can choose an xsotopy 0 I x X, — I x X, such that
00 = 0, =id, 0,(1d x h)II x B " xQ=0 A % B"’ X Q,B depends continu-
ously on 8,, and §, is supported on / x B"‘ x Q. Then 8, 'f, IxX,—IxX,
is an isotopy such that §5 fo gl, 87, =id, and G‘Iftll x h(B" x Q)=
id for each t. The restriction 0 I x X;_y: 1 x X -1 —>I x X;_, gives us
an isotopy g, = id rel 0 x X;_,. The isotopies i £ g; ~ id therefore fulfill
our requirements.

II. H(I x X) is locally contractible. Choose any h € H(I x X). We need
to show that if A is sufficiently close to id, then h 2 g, where g is an element of
C(X) such that this isotopy depends continuously on 4 and if 4 = id, then each
level of this isotopy is the identity. Then using the fact that C(X) is locally con-
tractible this will be enough to imply that H(/ x X) is locally contractible. But
the isotopy 1 & g € C(X) is just a routine application of Lemmas 3.2 and 3.4 of
[3], which follow immediately from [2]. O

3. Strategy. In this section we will describe how §8§4 and 5 are related.
The following is the main technical result used in the proof of Theorem 1.

REPRESENTATION THEOREM. Let M be a compact PL manifold, h a A-
preserving homeomorphism of A x I x M x Q onto itself which is the id on
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A x 0 xMx Q,and gy a dA-preserving homeomorphism of 9A x I x M onto
itself such that h = g5 x id on A x I x M x Q. Then there exists a j 2 0 and
a A-preserving homeomorphism g of A x I x M x B/ onto itself such that
nE)g x idrel(A x 0 x M x Q) U (3A x I x M x Q).

We remark that for each j > 0 we have a natural splitting Q = B/ x s
where 0 = [-1,1]%;thusg x id =g x idp.. If d >0 is an integer, we will
use RT(d) to refer to the above statement for all choices of M, 4, g, and A such
that dim A <d.

Of crucial importance in the proof of the Representation Theorem is the
following result.

SPLITTING LEMMA. Let M be a PL manifold, a: R® x B¥ — M a PL open
embedding, h: A x I x R* x B¥ x Q — A x I x M x Q a A-preserving open
embedding such that h =id x a x idon A x 0 x R" x B¥ x Q, f,: 9A x I x
B} x B¥ — 3A x I x M a 3 A-preserving embedding, and 8 0A xIxMxQ
—> 04 x I x M x Q a dA-preserving homeomorphism such that g,h = f, x id
ondA x I x B} x B* x Q and

8o =idon QA x 0 xMxQ)U@BA x I x M x Q~h(dA xIx B x B* x Q).

Then there exists a A-preserving embedding f: A x I x B® x B¥ x Bl —+A x I
x M x B! (for some j > 0) and a A-preserving homeomorphism g: A x I x M x
Q— A xIxMx Q such that

gh=fxidon A xIxB" xB* xQ, g=go0ondAxIxMxQ,
and

g=idon (Ax0xMxQ)U(AxIxMxQ—h(AxIxBl x B x Q).

If d 2 0 is an integer, we will use SL(d) to refer to the above statement for
all choices of M, a, h, f,, g4, and A such that dim A <d.

The proof of the Representation Theorem is accomplished by proving RT(d),
for all d > 0, and this is done by inducting on d. The case d = 0 was treated in
[7] and the step from RT(d - 1) to RT(d) is divided into the following two im-
plications:

RT(d - 1) = SL(d) = RT(®d).

The first implication is proved in Theorem 4.1 and the second is proved in Theo-
rem 5.1.

4. Statement and proof of Theorem 4.1. Before proving Theorem 4.1 we
will need four lemmas. The first two are established in [7] while the third and
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fourth need some argument. In particular, Lemma 4.1 follows from Lemma 2.3
and Theorem 2 of [7] and Lemma 4.2 follows from Theorem 2 of [7]. Note
also that Lemma 4.1 is a strengthened SL(0).

LEMMA 4.1. Let M be a PL manifold, a: R® x B¥ — M be a PL open
embedding, and let h: I x R"® x B¥ x Q — I x M x Q be an open embedding
such that h = a x id on 0 x R* x B¥ x Q. Then there exists an embedding
f: I x B2 x B¥ x Bl —1I x M x B! (for some j > 0) and a homeomorphism
gIxMxQ—IxMxQsuchthatgh=fxidonI xB} xB* x 0, g=id
on(OxMxQ)U(IxMxQ—h(Ixﬁg x B¥ x Q)), and

h(I x B" x B* x Q) Cf(I x B} x B¥ x BY) x Q
Cf{ x B} x B* x B) x Q, C h(I x B} x B* x Q).

LEMMA 4.2. Let M be a compact PL manifold, &: R® x B¥* — M a PL
open embedding, f- I x R™ x B¥* — I x M a PL open embedding such that f=a
on0 xR" xB¥, and h: I x M x Q — I x M x Q a homeomorphism such
that h=idon 0 x M x Q and h(id x a x id)=f x idon I x B} x B* x Q.
Then there exists a PL homeomorphism g: I x M x Bl — I x M x B/ (for some
j=0)such thatg=idon 0 x M x B/ and g(id x a x id) =f x id on I x B® x
B¥ x B,

In the next two lemmas we will prove some consequences of RT(d) which
will be needed in the proof of Theorem 4.1.

LEMMA 4.3. Let M be a compact PL manifold, K a finite simplicial com-
plex such that dim K <d,and h: K x I x M x Q — K xI x M x Q a K-pre-
serving homeomorphism such that h =id on K x 0 x M x Q. Then RT(d) im-
plies that there exists a K-preserving homeomorphism g: K x I x M x B —

K x I x M x B/ (for some j = 0) such that h 2 (K)g x id rel K x 0 x M x Q.

Proor. We induct on d. For d = 0 the result is easy, so passing to the
inductive step let dim K = d and let K;_, be the (d — 1)-skeleton of K. We are
going to apply the inductive hypothesis to K;_, , but first we have to modify .
It is easy to see that h 2 (K)hy el K x 0 x M x Q, where hy =honK,_, x
I x M x Q and for each d-simplex ¢ of X, h;lo x I x M x Q is a “product” on
a neighborhood of 90 x I x M x Q. By this we mean that there exists a PL open
embedding 6: 0o x [0, 1) — o such that 6(x, 0) = x and such that

hy(6Cx, u), t, m, q) = hy(x, t, m, q),

for all x, u, t, m, q. (We call 6 a PL collaring of d0.)
Applying the inductive hypothesis and using the above “product” property
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we get i, E (K)hy rel K x 0 x M x Q, where h, —go xidonKy_; xIxMxQ
andgy: K,_y xIxM xB'1—K,_, xIxM x B! isaK,_,-preserving home-
omorphism (for some j, = 0). Then in order to finish the mductlve step we ap-
ply RT(d) to each 0 x I x M x Q, for 0 a d-simplex of K. O

LEMMA 44. Let dim A =d, f. anIxB'l'.s x B¥ — A xIxB"
B be a dA-preserving open embedding such that f = id on 9A x 0 x B 15 X B,
and let h: dA x I x B? x B¥ x Q — 9A x I x B} x B* x Q be a dA-preserv-
ing homeomorphzsm such that h =id on 0A x 0 x B" xB¥ x Qand h=f x id
on 0A x I x B'l' 5 X B* x Q. Then RT(d — 1) implies that there exists a dA-pre-
serving homeomorphism g of 9A x I x B} x B* x B/ onto itself (for some j 3 0)
such that

g=idondA x 0 x B} x B* x Bl, g=fxidondAxIxB" x B x B,
and
7% (0A)g x id 1el(9A x 0 x B? x B* x Q) U (9A xI x B" x B* x Q).

PrOOF. Write 0A = A; U A, where A,, A, are (d — 1) simplexes and
A, NA, =04, =0A,. Let &, be a regular neighborhood of A, in 0A. Then
Al isa(d-1)- slmplex containing A, in its interior.

For eacht € Al we can use [9] to find a neighborhood U C Z, of ¢t and
a U-preserving homeomorphism ¥ ;;: U x I x B} x B¥ — U x I x B} x B*
such that \IJU idon U x 0 x B} x B*, (W), =id, and (Y,),f; = f, on I x
B?, x B for all s € U, Using [12] we can retriangulate [ x B} x B" so that
I % B" 14 X B* is a PL open embedding. Then Lemma 4.2 implies that there
exists a homeomorphism ¢ of I x B} x B* x B/1 onto itself (for some j 1=0)
suchthat¢ id on 0 x B} x B* xBil and ¢ =f, xidonJ x B7 ; x B* x

. Define 0, from U x I x B} x B* x B! onto itself by (), = (V) xid),
for all s € U. Then 0y, is a U-preserving homeomorphism such that 6, = id on
Ux0xB% xB* x B/ and (6,), =, onIxB'l‘3 x B¥ x B forall s€ U.
Since A is contractible we can choose U = A To see this one just reduces the
problem to that of finding a cross-section for a locally-trivial bundle with Al
the base space. Put 6 = 0% .

Note that 7 = (0 x id)~'h defines a Al-preservmg homeomorphxsm of
&, x I x B} x B* x Q onto itself which is the identity on (&, x 0 x B? x B¥
X Q)U(A xIxB'l'.3 x B¥ x Q). ApplymgLemma43tonM a xB" X
B¥) - (I x B”3 x B¥), where 0 x M is identified with (0 x (B} - 3'1'.3) x B¥) U
(I x 3B} 5 x B¥), we can find a A 1 -Preserving homeomorphism & of A x I x
B2 x B¥ x Q onto itself such that
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- { ~ A~ ~ ~
RS @k rel(B; x 0 x BY x B* x @)U (&, x I x B ; x B* x Q)
U@A, x I x B} x B* x Q)

andi =g, xidon A; x I x B} x B* x Q, where g, is a A, -preserving homeo-
morphism of A, x I x B} x B* x B'2 onto itself (for some j, > 0). Note that
to get i =2 (&, )% rel 94, x I x B? x B* x Q we must first modify % so that
it is a “product” on a neighborhood of aZl x I x B} x B* x Q. (See the con-
struction of &, in the proof of Lemma 4.3.)

Then (8 x id);z' defines a Zl -preserving homeomorphism of Kl x I x B} x
B* x Q onto itself such that

(0 xidyi=idon A, x 0 x B} xB* xQ, (6 xid)a=hondA, xIx B} xB* xQ,

(0 xid)h = (0 xid)(g, xid)on A, xI x B} xB* x Q,
@ xidi=fxidonA, xIxB"y xB* x Q.

Then (9 x id)% extends by & to a dA-preserving homeomorphism k, of 3A x I x
B2 x B¥ x Q onto itself.
Note that

h, £ (0A)h rel(dA x 0 x B xB*¥ x Q)U (@A xIx B} 5 x B¥ x Q)

and if j, is chosen greater than j,, then h; = (6 x id)g; x id on A; x I x B} x
B* x Q, where (9 x id)g, is a A, -preserving homeomorphism of A; x I x B} x
B* x B2 onto itself. To finish the proof we repeat the above argument for
hylA, x I x B x B¥ x Q. This again requires the use of [9], but now instead
of using Lemma 4.3 we appeal directly to RT(d - 1). O

We are now ready for the proof of Theorem 4.1.

THEOREM 4.1. RT(d — 1) implies SL(d), for any d > 1.

ProoF. Working inductively we may assume that SL(d — 1) is true. (Note
that Lemma 4.1 implies SL(0).) Consider the data of the statement of SL(d) with
dim A = d. We will show how to construct our required f and g. Note that the
statement of SL(d) requires that we stabilize by crossing with B/, for some ap-
propriately-chosen value of j = 0. In the course of the proof we will have to in-
voke several results, each of which requires a stabilization. In retrospect no gen-
erality is lost if we ignore these stabilizations until the last line of the proof.
Adopting this policy for the proof of Theorem 4.1 will simplify the notation and
should cause no confusion for the wary reader.

Using Theorem 2.1 we can choose a subdivision of A so fine that if o is a
simplex of A and v is a point of o, then there exists a o-preserving homeomorphism
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Y of o x I x M x Q onto itself such that .

(1) kI x B35 x B* x Q) Ch(I x B} 5 x B* x Q), foralls, t€o,

(2) h(I x B%g x B¥ x Q) Ch(I x B} x B¥ x Q), forall s, t € o,

3) ¢y, =id, .

4 y,=idon (0 xMx QU x M x @ -h( x B} 5 x B* x Q)), for
allt€o,

(5) Vh,=h,onlxB, xB* x Q,forall tEa.

Let A be the (d — 1)-skeleton of A. Using SL(d — 1) (which follows from
our inductive assumption) we can inductively choose a A-preserving embedding
fof AxIxB?s xB*into A x I x M and a A-preserving homeomorphism g
of A x I x M x Q onto itself such that

gh=F xidonAxIxBlsxB*xQ, g=g,0ndAxIxMxQ,
and
Z=idon(Ax0xMxQ)U@BxIxMxQ~h@xIx B x B* x Q).

Now consider a fixed d-simplex o of A. We will show how to extend
f190 x I x B* x B* to a g-preserving embedding f: ¢ x I x B* x B¥ — o x I
x M and how to extend gloo x I x M x Q to a o-preserving homeomorphism g:
oxIxMxQ—0xIxMx Q so that our requirements are satisfied.

Using Lemma 4.1 we can find an open embedding 8: 7 x R* x B¥* —IxM

such that § = aon 0 x B}, x B¥ and

(I x B%g x B* x Q) CO(l x B, x BY) x Q
1 o
W CO( x B, x BX) x Q Ch(IxB%g xB¥ xQ),

(2) 6 x 3B%, x B¥) x Q < h((I x B%g —B%¢) x B¥ x Q) is a homo-
topy equivalence. Let 7, be the homeomorphism of

A=(0x (BT, ~B1,) x B* x Q) U (I x 3B, x B* x Q)
U x 3B, x B* x Q)
onto
B =(a x id)(0 x (B, —B?,) x B¥ x Q) U (6 x id)(I x 3B, x B* x Q)
Uhy(I x 0BT, x B¥ x Q)

defined by 7, = (a x id) U (8 x id) }J h,. Clearly there exists a homeomorph-
ism of 4 x [0, 1] onto I x (B%, — B} ,) x B x Q which sends each (g, 0) to
a. It is also true that there exists a homeomorphism of B x [0, 1] onto

O] (0 x id){I x B3, x B* x @)~ h,(I x B}, x B¥ x Q)
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which sends each (b, 0) to b. To see this one first uses the fact that the homotopy
equivalence

B, (9 x id)I x B3, x B¥ x Q)~h,(I x B, x B* x Q)

is homotopic to a homeomorphism (see [6]) to construct a homeomorphism of

B x [0, 1] onto (*), and then the homeomorphism extension theorem for Z-sets is
used to adjust this homeomorphism so that (b, 0) is taken to b (see [8]). Then 7,
extends to a homeomorphism 7 of I x B%, x B* x Q onto 8(/ x B, x B¥) x Q
such that 7=h, on x B?, x B* x Q.

Note that gy(id x 7) gives a do-preserving homeomorphism of 30 x I x B ,
x B*¥ x Q onto 30 x 6(I x B, x B¥) x Q which is id x @ x id on 3¢ x 0 x
B, xB* x Q0,id x 0 x id on 30 x I x dB%, x B¥ x Q, and is f x id on 3o x
IxB?, xB* x Q. Then (id x 6~ x id)Zy(id x 7) gives a do-preserving ho-
meomorphism of 30 x I x B} , x B¥ x Q onto itself.

Let ¢: 00 x [0, 1) — o be a PL collaring of dg and let 0y, = 0 -
#(d0 x [0, %)). Define f: (o - o%)xIxB" x B¥ — (0 - o%)xIbey
flotx, 8), , y,2)=f fix, ¢, ¥, z). Using Lemma 4.4 we have a dg-preserving ho-
meomorphism b of 30 x I x B , x B¥ onto itself such that

b=id on (3o x 0 x BY, x B¥) U (30 x I x 3B%, x B¥),

b xid=(d x 0~ x idF x id) on da x I x B" x B* x Q,
and

(id x 01 x id)gW(id x 1) % @o)b  id rel(30 x 0 x B, x B* x Q)
U(@o xIx3B%, x B¥ xQ)U (90 xI xB" x B* x Q).
Let b, be the above isotopy parametrized so that 0 <s < %,
by =(id x 67 x id)gy(id x 7), and by =b x id.

Define a (0 - ;%)-preserving homeomorphism g of (¢ — ;'A) x I x M x Q onto
itself by

Ep(x,)00 x B3z x B¥) x Q= (0 x id)b)), 7 ¥, )0 x By ; xB) x 0,
and gy, 9= = id elsewhere. Then we haveg =g on 9o xI x M x Q and gh =
fxidon(o-ay) xIxB" x B¥ x Q.

Finally we have to show how to define flo,, x I x B" x B¥ and glo% x
I x M x Q. It is easy to extend b to a o-preserving homeomorphism bofoxl
x B? , x B* ont01tselfsuchthatb idon(o x0x B3, xBX)U (0 x I x
3B%, x B¥). We will use B to get our required extensions of f and g.

Let : 0, — o be the unique radially-defined homeomorphism which is
linear on each ray emanatmg from the ongm Define gla,, x 0 x B, x B*) x
Qbyg, =( x id)yd By X 1)1 1y-1 and g, = id elsewhere. Note that for
X € gy, we have
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g.h Ml x B" x B x Q=0 x id)(gﬁ(x) x id)ll x B* x B* x Q.
Then all we have to do is define flo,, x I x B" x B by f, = 6By,,. O

5. Statement and proof of Theorem 5.1. The following lemma isolates the
key inductive step in the proof of Theorem 5.1.

LEMMA 5.1. Let M be a compact PL manifold, N C M a compact PL sub-
manifold, ¢: N x [0, 1) — M a PL collaring of N, a: R" x B¥ — N a PL open
embedding, h: A x M x Q — A x M x Q a A-preserving homeomorphism (where
dim A <d), gy: 0A x M — dA x M a dA-preserving homeomorphism such that
h=gyxidondA x M x Q, and let g: A x My, — A x M be a A-preserving
embedding (Where M, = M — ¢(N x [0, t)) such that h = g x id on A x M, x Q.
Then SL(d) implies that there exists a A-preserving homeomorphism WA xMx
Q0 — A x M x Q and a A-preserving embedding

g1 A x (M5 U ¢(a(B" x B¥) x [0,2/31)) x B/ — A x M x B

(for some j > 0) such that h =g x id on A x My, Y #(a(B” x B¥)x [0,2/3])
x Qandh 2 (M) rel(A x M5 x Q) U (3A x M x Q).

PROOF. Just as in the proof of Lemma 4.4 we can find a A-preserving
homeomorphism 6 of A x M onto itself such that § = g on A x M, /3° Then
(0 x id)~'h is a A-preserving homeomorphism of A x M x Q onto itself which
is the identity on A x M,,; x Q@ and which is (8 x id)~'(g, x id) on A x M
x Q. Applying SL(d) we can get a A-preserving embedding

f: A x ¢(a(B” x B¥) x [0,2/3]) x Bl — A x ¢(N x [0,2/3]) x B/
(for some j > 0) and a A-preserving homeomorphism 8 of A x ¢(NV x [0, 2/3]) x
Q onto itself such that
B(6 x id)~'h=f x id on A x ¢(a(B" x B¥) x [0,2/3]) x Q
and
B=id on (34 x ¢(N x [0,2/3]) x Q) U (A x ¢(N x 2/3) x Q)
U (& x 6V x [0, 2/3]) x Q- (6 xid)™A(A x (B x B*) x [0, 2/3]) x Q).

Our required A-preserving homeomorphism 7 is defined by % =honA x
My x Qand & = (9 x id)B(@ x id)~*hon A x ¢V x [0,2/3]) x Q. It fol-
lows from the contractibility of {{(I x Q, 0 x @), the group of all homeomor-
phisms of I x Q which are fixed on 0 x Q, that % 2 (A)h rel(A x M, ;3 x QU
(@A x M x Q). Our required A-preserving embedding g is defined by &= g x id

on A x My;3 x B/ and ¥ = (8 x id)fon A x ¢(a(B" x B¥)x [0,2/3]) x B/. O
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THEOREM 5.1. SI(d) implies RT(d), for anyd > 1.

ProoF. Just as in the proof of Theorem 4.1 we will ignore the stabiliza-
tions necessary to carry out the constructions in this proof. Choose a filtration
My, CM, C--CM, =M of M, where M, is a regular neighborhood of oM
and each M, is obtained from M;_, by attaching a PL handle. For each i let
117, = ([0, %] x M) U ([%, 1] x M) thus giving a filtration ﬁo Cﬁl CeeeC
IT{'p =TI x M. Observe that for each i there exists a compact PL submanifold N;
of 3/ x M), a PL collaring ¢;: N; x [0, 1) — I x M, and a PL open embedding
a;: R™ x B¥1 — N, such that M, = I x M — ¢{N; x [0, 2/3)) and M, , = ¥,

U ¢ (a(B" x B*?) x [0, 2/3]). We also note that there exists a PL homeomor-
phism of I x M onto itself taking ﬁo onto [0, 1/3] x M. Thus we may assume
that M, = [0, 1/3] x M.

We will inductively carry out the following construction: For each i there
exists a regular neighborhood ﬁ, of 17,, a A-preserving embedding g;: A x ﬂ, -
A x I x M and a A-preserving homeomorphism h; of A x I x M x Q onto itself
such that b, =g, x id on A x M; x Q, h; =g, x id on 3A x I x M x Q, and
By (A)hrel(A x 0 x M x Q) U (BA x I x M x Q). It is clear that this will be
sufficient to prove Theorem 5.1.

We first consider the case i = 0. Let us regard A as BY, where A, = BZ.
Note that # ' (A)h' rel(A x 0 x M x Q) U (3A x I x M x Q), where for each
x € A-A,, and radial projection x' of x onto dA we have &, = h,-. Let 0:

A — [0, %] be defined by 8(x) = %, for x € A,;, and 6(x) = 1 — ¢, for x € 34,
and % <t < 1. Then there exists a A-preserving homeomorphism k, of A x I x
M x Q onto itself defined by (hy), = id on [0, 8(x)] x M x @ and on [0(x), 1]
x M x Q we just let (h,), be k) linearly scaled—down from [0, 1] x M x Q to
[0(x), 1] x M x Q. Clearly hy % (A)hrel(A x 0 x M x @)U (3A x I x M x
Q). To get our desired Zp: A x My — A x I x M (where My = [0, %] x M) we
define (g;), = id on [0, 6(x)] x M, for all x € A, and to get (g,),|[0(x), ] x-M,
forx € A- A, we first linearly scale—down (g,), from [0, 1] x M to [6(x), 1]
x M and then suitably restrict it. Then hy =g, x id on A x M, x Q.

Passing to the inductive step let us assume that M, g;, and h, have been con-
structed. Without loss of generality we may assume that ﬁ, DI x M-
¢;(N; x [0, ). Put

A_'ii-l-l = [I x M - ¢, x [0,7/12))] U¢1+1(a,'+1(8'2,‘+1 kaH'l)x [0,7/12))

and use Lemma 5.1 to get a A-preserving embedding g, , of A x 117,.“ into A x
I x M, and a A-preserving homeomorphism &,,, of A X I x M x Q onto itself
such thath; ; =g, x ifon 9A x I x M x Qand by, , ~ (A, rel(A x 0 x M x Q)
U@AxIxMxQ). O
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6. Proof of Theorem 1. Assuming the data of Theorem 1 we will first
need to know that m, C(M x Q) is isomorphic to the direct limit of the system

id
® "C(M)(——)‘*ﬂ CM x [-1, 1])( Ds, —— 1, M x [-1,1]2) =<,

Call this direct limit w7 C(M) and note that there is a natural homomorphism 6:
n, C(M) — m,C(M x Q) which is induced by the commutativity of

(x i)y

7,0 x [-1,1]) — n,0M x [-1, 1]*+1)

(x id)x / (x id),
7,0 x Q),
for each i = 0.
It follows from the Representation Theorem that 6 is 1-1 and it follows from
Lemma 4.3 that 6 is onto. Thus we have 7, C(M) ~ m, C(M x Q). It is worth re-
marking that this result is independent of the results of [10]. On the other hand if

we use the results of [10] we see that the system (*) stabilizes, i.e. for some i >0
(dependent on n) we have

1o OO0 x (=1, 1) 5% 1,00 x -1, 1) m e

This implies that n,,C(M x [-1, 1]H) ~ a7C(M). O

7. Proof of Theorem 4. In [7] the following exact sequence was
lished for X any compact Q-manifold.

() o, — 1, HE) D 1, B — - - - — 1y ED).

The map 6 is induced by the inclusion fi(X) < E(X). The proof of (*) given in
[7] uses [3], but Theorem 2.2 of the present paper removes that dependence on
[3]. Itis clear that Theorem 4 follows from (#) and the Corollary of Theo-
rem3. O
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